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Incompatible measurements in a class of general probabilistic theories
Anna Jencˇova´∗
Mathematical Institute, Slovak Academy of Sciences, Sˇtefa´nikova 49, 814 73 Bratislava, Slovakia
We study incompatibility of measurements and its relation to steering and nonlocality in a class
of finite dimensional general probabilistic theories (GPT). The basic idea is to represent finite col-
lections of measurements as affine maps of a state space into a polysimplex and show that incompat-
ibility is characterized by properties of these maps. We introduce the notion of an incompatibility
witness and show its relation to incompatibility degree. We find the maximum incompatibility
degree attainable by pairs of two-outcome quantum measurements and characterize state spaces
for which incompatibility degree attains maximal values possible in GPT. As examples, we study
the spaces of classical and quantum channels and show their close relation to polysimplices. This
relation explains the super-quantum non-classical effects that were observed on these spaces.
I. INTRODUCTION
Incompatibility of measurements is one of the funda-
mental features of quantum mechanics. As a key ingre-
dient in quantum information protocols, incompatibility
and related non-classical effects such as Bell nonlocality
and steering, are viewed as important resources in quan-
tum information theory.
General probabilistic theories (GPT) form a frame-
work for description of physical theories admitting prob-
abilistic processes. Within this framework, the quantum
theory is specified by several axioms [1, 2]. Some of these
axioms (causality, prefect distinguishability and local to-
mography) define a class of theories that can be studied
within the setting of ordered vector spaces and their ten-
sor products.
Many of the basic features that distinguish quantum
mechanics from any classical theory are shared by a large
class of GPT. It is a natural question what are the prop-
erties that characterize quantum mechanics. This ques-
tion has been studied for many years, see e.g. [3–5], but
recently the advance of quantum information theory led
to a renewed interest in this topic, [6–9]. To answer this
question, it is important to understand the nature of the
non-classical features and relations between them.
Such relations were already observed: it is well known
that steering and nonlocality require both entanglement
and incompatible observables. The relations between
non-locality, steering and incompatibility were studied in
[7, 10–13], both for quantum theory and in GPT. On the
other hand, there exist unsteerable entangled quantum
states [14], and incompatible sets of quantum measure-
ments that cannot lead to violation of Bell inequalities
[12]. To understand these relations, the more general
setting is useful because it allows one to recognize which
non-classical manifestations are consequences of convex-
ity and the tensor product structure, and which are in-
herently quantum.
In this contribution, we study incompatibility of mea-
surements and its relation to steering and nonlocality in a
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class of finite dimensional GPT, using the tools of convex
geometry. The basic idea is to represent finite collections
of measurements as affine maps of a state space into a
polysimplex (that is, a Cartesian product of simplices)
and show that incompatibility is characterized by prop-
erties of these maps. A generalization of this idea was
already used to describe incompatibility of channels [15].
We introduce the notion of an incompatibility witness
and show its relation to incompatibility degree, defined
in [16, 17]. We find the maximum incompatibility de-
gree attainable by pairs of two-outcome quantum mea-
surements, generalizing the results of [11], and character-
ize state spaces for which incompatibility degree attains
maximal values possible in GPT. This completes the re-
sults of [18] and [19], where maximal incompatibility of
pairs of two-outcome measurements is considered. The
representation of collections of measurements as maps
enables us to tie incompatibility directly to steering and
non-locality of states of composite systems. The concept
of incompatibility witnesses helps to explain the relation
of incompatibility degree and maximal violation of Bell
inequalities, as well as the observed limitations of these
relations.
Besides the classical and quantum state spaces, we
study the spaces of classical and quantum channels. It
was observed in [19, 20] that these spaces admit max-
imally incompatible measurements, which is known to
be impossible in finite dimensional quantum theory [16].
Moreover, it was shown that causal bipartite quantum
channels can be used to obtain maximal violation of
the CHSH inequality [21, 22], in fact, all kinds of non-
signalling correlations [23]. We prove these results as easy
consequences of the fact that the set of classical channels
is a retract of the set of quantum channels and is affinely
isomorphic to a polysimplex.
The paper is organized as follows. In the next section
we briefly describe the main components of GPT in our
setting and present the main examples of spaces of clas-
sical and quantum states and channels. The structure of
polysimplices is detailed in Section III. The relations to
spaces of channels are also proved. Section IV is devoted
to incompatibility of measurements, incompatibility wit-
nesses and degree. The last section deals with steering
2and Bell nonlocality.
II. GENERAL PROBABILISTIC THEORIES
We present a brief overview of GPT in the finite di-
mensional setting, explain our overall assumptions and
introduce the mathematical tools needed in the sequel.
Let us remark that the GPT framework is much broader,
see e.g. [6, 24–26] for more details.
We first recall a few definitions and facts about convex
sets and ordered vector spaces that will be needed below.
For a subset X ⊆ V of a finite dimensional vector space
V , we denote by co(X) the convex hull and aff(X) the
affine span of X in V . For a convex subset C ⊆ V ,
ri(C) denotes the relative interior of C in aff(C) and
dim(C) := dim(aff(V )). The set of all affine maps (that
is, preserving the convex structure) between convex sets
C1 and C2 will be denoted by A(C1, C2).
For the purposes of this paper, an ordered vector space
is a pair (V, V +), where V is a real finite dimensional
vector space and V + is a closed convex cone satisfying
V + ∩ −V + = {0} and V = V + − V +. This induces a
partial order in V as v ≤ w if w − v ∈ V +. Let V ∗ be
the vector space dual with duality 〈·, ·〉. The order dual
of (V, V +) is the ordered vector space (V ∗, (V +)∗), with
the closed convex cone of positive functionals
(V +)∗ := {v∗ ∈ V ∗, 〈v∗, v〉 ≥ 0, ∀v ∈ V +}.
Note that we have (V +)∗∗ = V +. A linear map between
ordered vector spaces is called positive if it preserves the
positive cone. We say that the cone V + is weakly self-
dual if it is affinely isomorphic to (V +)∗.
Let (V, V +) and (W,W+) be ordered vector spaces.
There are two distinguished ways to define a positive cone
in the tensor product V ⊗W :
V + ⊗min W+ := {
∑
i
vi ⊗ wi, vi ∈ V +, wi ∈W+}
V + ⊗maxW+ := ((V +)∗ ⊗min (W+)∗)∗.
We have V + ⊗min W+ ⊆ V + ⊗max W+. The elements
of V + ⊗min W+ are called separable.
A. States, effects and measurements
The framework of GPT is build on basic notions of
states, representing preparation procedures of a given
system, and effects, assigning to each state the cor-
responding probabilities of outcomes in yes/no experi-
ments. The state spaces have a natural convex structure,
expressing the possibility of forming probabilistic mix-
tures of states. The effects must respect this structure
and are therefore represented by affine functions from the
state space into the unit interval. Throughout this paper,
we will assume that any state space is a compact convex
subset K of a finite dimensional real vector space. More-
over, we adopt the no restriction hypothesis, requiring
that all affine functions K → [0, 1] correspond to physi-
cal effects. For a discussion of these assumptions in GPT
see [2, 24, 27].
A state space K determines a pair of dual ordered
vector spaces as follows. Let A(K) := A(K,R) and
A(K)+ := A(K,R+). Let also 1K be the constant map
1K(x) ≡ 1. Then (A(K), A(K)+) is an ordered vector
space. The function 1K is an interior element in A(K)
+
and hence is an order unit: for any f ∈ A(K) we have
−t1K ≤ f ≤ t1K for some t > 0. The set of effects is
thus given by
E(K) := {f ∈ A(K), 0 ≤ f ≤ 1K}.
For x ∈ K, the evaluation map f 7→ f(x) defines a
linear functional on A(K) that is clearly positive and
unital: 1K(x) = 1. The converse is also true [28], so
that K can be identified with the set of positive unital
functionals, or states, on A(K). With this identification,
K is a base of the dual cone (A(K)+)∗, in the sense that
each 0 6= ϕ ∈ (A(K)+)∗ can be expressed in a unique
way as a multiple of some element in K. We therefore
have (A(K)+)∗ ≡ V (K)+ := ∪λ≥0λK and A(K)∗ ≡
V (K) := V (K)+ − V (K)+. These identifications will be
used throughout. For ψ ∈ V (K), let
‖ψ‖K = inf{a+ b, ψ = ax− by, a, b ≥ 0, x, y ∈ K}.
Then ‖ · ‖K is a norm in V (K), called the base norm. It
is the dual of the supremum norm ‖ · ‖max in A(K).
Similarly as for two-outcome measurements, any mea-
surement on a system with state space K is fully de-
scribed by its outcome statistics in each state. A mea-
surement with n+1 outcomes is therefore identified with
a map f ∈ A(K,∆n), where ∆n is the n-dimensional sim-
plex of probability measures over {0, . . . , n}. The mea-
surement f is determined by n + 1 effects f0, . . . , fn ∈
E(K), satisfying
∑
i fi = 1K , given as fi(x) = f(x)(i).
As before, we assume that each element of A(K,∆n) de-
scribes a valid measurement.
Example 1. (Classical state spaces.) The state space
of a classical system is an m-dimensional simplex ∆m.
We have A(∆m) ≃ V (∆m) = Rm+1, with V (∆m)+ ≃
A(∆m)
+ the positive cone of vectors with nonnegative
entries and E(∆m) is the set of vectors with entries in
[0, 1]. The base norm in this case is the l1-norm in R
m+1.
Measurements f ∈ A(∆m,∆n) are classical channels and
can be identified with (m + 1) × (n + 1) stochastic ma-
trices {T (j|i)}i,j, where T (·|i) ∈ ∆n, i = 0, . . . ,m are
determined by the values of f on the vertices of ∆m.
Example 2. (Quantum state spaces.) A quantum
state space is the set of density operators S(H) on a
finite dimensional Hilbert space H. We will sometimes
use labels HA, HB, etc. for the Hilbert spaces, then we
use the notations dA := dim(HA), SA := S(HA). Any
f ∈ A(S(H)) has the form
f(ρ) = TrMρ, ρ ∈ S(H)
3for some M ∈ Bh(H), the set of Hermitian operators on
H. In this way, we have A(S(H)) ≃ V (S(H)) = Bh(H),
A(S(H))+ ≃ V (S(H))+ = B(H)+, the cone of posi-
tive operators on H, 1S(H) = I, the identity operator
and E(S(H)) ≃ E(H), the set of quantum effects. The
base norm ‖ · ‖S(H) is the trace norm ‖X‖1 = Tr |X |.
The measurements are given by positive operator val-
ued measures (POVMs) on H, that is, tuples of effects
M0, . . . ,Mn ∈ B(H)+,
∑
iMi = I.
Example 3. (Spaces of quantum channels.) Let
HA,HA′ be finite dimensional Hilbert spaces. We will de-
note by CA,A′ the set of all quantum channelsHA → HA′ ,
that is, all completely positive and trace preserving lin-
ear maps B(HA)→ B(HA′). We now describe the corre-
sponding cones and measurements for CA,A′ , see [29] for
details.
By the Choi representation, CA,A′ is isomorphic to a
compact convex subset of the quantum state space SA′A.
Using this isomorphism, V (CA,A′) can be identified with
the subspace
V (CA,A′) ≡ {X ∈ Bh(HA′A), TrA′X ∈ RI},
where TrA′ is the partial trace over HA′ . We then have
CA,A′ = V (CA,A′) ∩SA′A.
Consequently, A(CA,A′) is a quotient of Bh(HA′A) and
A(CA,A′)+ is the set of equivalence classes containing
some positive element. The base norm ‖ ·‖CA,A′ is identi-
fied with the diamond norm ‖·‖⋄ [30]. One can also show
that any measurement f ∈ A(CA,A′ ,∆n) has the form
fi(Φ) = TrMi(Φ⊗ idR)(ρAR)
for some POVM M0, . . . ,Mn on HA′R and some state
ρ ∈ SAR where HR is an ancilla, dR ≤ dA, but the
representation in this form is not unique, see also [31].
In particular, the unit effect 1CA,A′ is obtained from any
state ρAR and the trivial measurement M0 = IA′R.
Example 4. (Spaces of classical channels.) The set of
classical channels A(∆m,∆n) is isomorphic to a subset of
CA,A′ , with dA = m+1, dA′ = n+1. Such an isomorphism
is obtained by fixing orthonormal bases |i〉A of HA and
|j〉A′ of HA′ and putting for any stochastic matrix T ∈
A(∆m,∆n),
ΦT (σ) =
∑
i,j
〈i, σ|i〉AT (j|i)|j〉〈j|A′ , σ ∈ S(H). (1)
Quantum channels of this form are called classical-to-
classical, or c-c channels. The cones and measurements
for this state space will be identified later (cf. Proposition
3).
B. Composition of state spaces: tensor products
Let KA and KB be state spaces, corresponding to two
systems in a GPT. To describe the state space of the
joint system, we need the notion of a tensor product of
state spaces. Let the composite state space be denoted
byKA⊗˜KB. Assuming the local tomography axiom [1, 2,
24], KA⊗˜KB is a subset of the tensor product V (KA)⊗
V (KB) such that
(a) xA ⊗ xB ∈ KA⊗˜KB for all xA ∈ KA, xB ∈ KB,
(b) fA ⊗ fB ∈ E(KA⊗˜KB) for all fA ∈ E(KA), fB ∈
E(KB)
(c) 1KA⊗˜KB = 1A ⊗ 1B, here 1A := 1KA , 1B := 1KB .
This is based on the requirement that for the compos-
ite system, all product states and all product effects are
valid. These conditions determine the minimal and the
maximal tensor product of state spaces. Let
KA ⊗KB := co{xi ⊗ yi, xi ∈ KA, yi ∈ KB}
KA⊗̂KB := {y ∈ V (KA)⊗ V (KB), 〈fA ⊗ fB, y〉 ≥ 0,
∀fA ∈ E(KA), fB ∈ E(KB), 〈1A ⊗ 1B, y〉 = 1}
Note that both sets satisfy the conditions for a composite
state space and we always have
KA ⊗KB ⊆ KA⊗˜KB ⊆ KA⊗̂KB.
The states in KA ⊗ KB are called separable, all other
states in KA⊗˜KB are called entangled. The particular
form of the composite state space is specified by the the-
ory in question, see the examples below. In terms of the
related spaces and cones, we have
V (KA ⊗KB) ≃ V (KA⊗̂KB) ≃ V (KA)⊗ V (KB),
A(KA ⊗KB) ≃ A(KA⊗̂KB) ≃ A(KA)⊗A(KB),
V (KA ⊗KB)+ ≃ V (KA)+ ⊗min V (KB)+,
V (KA⊗̂KB)+ ≃ V (KA)+ ⊗max V (KB)+,
A(KA ⊗KB)+ ≃ A(KA)+ ⊗max A(KB)+,
A(KA⊗̂KB)+ ≃ A(KA)+ ⊗min A(KB)+,
this follows easily from the definitions and duality rela-
tions.
Example 5. For classical state spaces, we have
∆nA ⊗∆nB = ∆nA⊗̂∆nB = ∆nAB ,
nAB := nAnB + nA + nB, is the set of probability mea-
sures on {0, . . . , nA} × {0, . . . , nB}. In fact, we have
K ⊗ ∆n = K⊗̂∆n for any state space K and this
property characterizes the simplices in a general infinite-
dimensional setting, see [32].
Example 6. For quantum state spaces, we have
SA⊗˜SB = SAB,
with the usual tensor product of Hilbert spaces HAB =
HA ⊗ HB . Here the minimal tensor product SA ⊗ SB
is the subset of separable states and the maximal tensor
product SA⊗̂SB is the set of entanglement witnesses
(with unit trace).
4Example 7. For spaces of quantum channels, let Φ ∈
CA,A′⊗˜CB,B′ . It is natural to require that Φ ∈ CAB,A′B′ ,
so that Φ is a bipartite quantum channel. By the condi-
tion (b), each product of effects is a valid effect, in partic-
ular, 1CA,A′ ⊗ fB is a valid effect for any fB ∈ E(CB,B′).
By Example 3, 1CA,A′ is obtained from any state ρRA and
the identity IRA′ . Let fB be given by σB and an effect
MB′ , then
〈1CA,A′ ⊗ fB,Φ〉 = Tr (IRA ⊗MB′)(idR ⊗ Φ)(ρRA ⊗ σB)
and this expression does not depend on ρRA. It follows
that
σB 7→ TrRA(idR ⊗ Φ)(ρRA ⊗ σB)
defines a channel in CB,B′ that does not depend on ρ; sim-
ilarly, we obtain a channel in CA,A′ by applying the unit
effect on the second part. Channels with this property
are called causal or no-signalling bipartite channels, see
[21], the set of all such channels is denoted by CcausAB,AB′ .
We define the composite state space as
CA,A′⊗˜CB,B′ := CcausAB,A′B′ .
The minimal tensor product is the set of local bipar-
tite channels, which are convex combinations of channels
prepared by each party separately. The maximal tensor
product is strictly larger than CcausAB,A′B′ , since its elements
are not necessarily completely positive.
Example 8. It is clear that
A(∆mA ,∆nA)⊗̂A(∆mB ,∆nB ) ⊂ A(∆mAB ,∆nAB ),
where ∆mAB = ∆mAmB+mA+mB = ∆mA⊗∆mB and sim-
ilarly for ∆nAB . We will see later (Section VE) that the
maximal tensor product is the set of all classical bipar-
tite causal channels, characterized by the no-signalling
conditions (16) and (17).
C. Channels and positive maps
Channels in GPT describe transformations of the sys-
tems allowed in the theory and are represented by affine
maps between state spaces. Although all affine maps be-
tween simplices are classical channels, we do not assume
in general that all elements in A(K,K ′) for state spaces
K andK ′ correspond to valid channels. For the spaces of
quantum states and channels, it is required that the maps
have completely positive extensions. Completely positive
maps B(HA′A)→ B(HB′B) that map CAA′ into CBB′ are
called quantum supermaps [33] or quantum combs [34]
and belong to a hierarchy describing quantum networks.
Any T ∈ A(K,V (K ′)) extends uniquely to a lin-
ear map T : V (K) → V (K ′) and A(K,V (K ′)) has
the structure of a real vector space. The subset
A(K,V (K ′)+) ⊆ A(K,V (K ′)) is a closed convex cone
of elements whose extensions are positive maps. With
this cone, A(K,V (K ′)) is an ordered vector space.
Let TA ∈ A(KA, V (K ′A)+) and TB ∈ A(KB , V (K ′B)+).
It is easy to see that TA ⊗ TB is positive with respect
to both the maximal and minimal tensor product cones,
that is,
TA ⊗ TB ∈ A(KA ⊗KB, V (K ′A ⊗K ′B)+)
and
TA ⊗ TB ∈ A(KA⊗̂KB, V (K ′A⊗̂K ′B)+).
Indeed, the first inclusion follows from the definition of
the minimal tensor product and the second one from
〈(TA ⊗ TB)(y), f ′A ⊗ f ′B〉 = 〈y, T ∗A(f ′A)⊗ (TB)∗(f ′B)〉,
for all y ∈ KA⊗̂KB, f ′A ∈ A(K ′A)+ and f ′B ∈ A(K ′B)+,
here T ∗ denotes the adjoint of the linear extension of
T . We say that TA is entanglement breaking (ETB)
if for any state space KB, we have TA ⊗ idKB ∈
A(KA⊗̂KB, V (K ′A ⊗ KB)+). The set of all ETB maps
will be denoted by Asep(KA, V (K ′A)+), it is a closed con-
vex subcone in A(KA, V (K ′A)+).
There is a well known relation between linear maps and
tensor products of vector spaces, with respect to which
the positive maps correspond to elements of the maximal
tensor product and ETBmaps to elements of the minimal
one. Details on these relations, as well as the proofs of
the following results, are given in Appendix A.
Proposition 1. Let T ∈ A(K,V (K ′)+). Then T is ETB
if and only if T factorizes through a simplex: there are
a simplex ∆n and maps T0 ∈ A(K,V (∆n)+) and T1 ∈
A(∆n, V (K ′)+) such that T = T1T0. If T is a channel,
T0 and T1 may be chosen to be channels as well.
It is clear that any constant map factorizes through
the 1-dimensional simplex ∆0 and hence must be ETB.
We now look at the dual spaces and cones. For T ∈
A(K,V (K)), let TrT denote the usual trace of its linear
extension. It is not difficult to see that the dual space of
A(K,V (K ′)) can be identified with A(K ′, V (K)), with
duality 〈S, T 〉 = TrST .
Proposition 2. The dual cone to A(K,V (K ′)+) is
Asep(K ′, V (K)+).
III. POLYSIMPLICES AND THEIR
STRUCTURE
Let k, l0, . . . , lk ∈ N. A polysimplex is a Cartesian
product of simplices
Sl0,...,lk := ∆l0 × · · · ×∆lk ,
with pointwise defined convex structure. This is a com-
pact convex set, more precisely a convex polytope. Ele-
ments of Sl0,...,lk represent states of a device determined
by a set of inputs indexed by 0, . . . , k, each of which has
an allowed set of outputs 0, . . . , li. Such devices were
5introduced by Popescu and Rohrlich [35] as toy theories
exhibiting super-quantum correlations. In the framework
of GPT, theories with state spaces of this form were stud-
ied in [6, 27].
If l0 = · · · = lk = n, the polysimplex will be denoted
by ∆k+1n . The (k+1)-hypercube ∆
k+1
1 will be denoted by
k+1. If l0, . . . , lk ∈ N are assumed fixed, we often drop
the multiindex l0, . . . , lk and denote the polysimplex by
S.
Let f0, . . . , fk be a collection of measurements on K,
such that f i ∈ A(K,∆li). By definition of the Carte-
sian product, such collections correspond precisely to ele-
ments of A(K, Sl0,...,lk). Explicitly, the relations between
f i ∈ A(K,∆li), i = 0, . . . , k and F = (f0, . . . , fk) ∈
A(K, Sl0,...,lk) are given by
F (x) = (f0(x), . . . , fk(x)); f i = miF, ∀i (2)
where mi : Sl0,...,lk → ∆li is the projection onto the i-
th component. Since our main results are based on the
relation of properties of such maps to incompatibility, it
will be necessary to describe the structure of the polysim-
plices and related spaces and cones.
The vertices of S = Sl0,...,lk are the (k + 1)-tuples
sn0,...,nk := (δ
0
n0 , . . . , δ
k
nk
), ni = 0, . . . , li, i = 0 . . . , k,
where δini denotes the ni-th vertex of the i-th simplex. If
ui ∈ ∆li is the uniform probability distribution for all i,
then
s¯ := (u0, . . . , uk) =
1
Πi(li + 1)
∑
n0,...,nk
sn0,...,nk
is the barycenter of S. Further, note that each projection
mi is a measurement on S, with effects determined by
m
i
j(sn0,...,nk) =
{
1 if ni = j
0 otherwise
.
Since all faces of S have the form F0 × · · · × Fk, where
Fi is a face of ∆li , it is clear that the maximal faces are
precisely the null spaces of mij .
It will be convenient to fix a pair of dual bases of the
spacesA(S) and V (S), such that the basis of A(S) consists
of the effects 1S and m
i
j . Since
∑
j m
i
j = 1S for all i, we
will fix a linearly independent subset. For the dual basis,
we need to describe the edges of S. Since the edges are
1-dimensional faces, they have the form
{δ0n0} × · · · × {δi−1ni−1} × Ei × {δi+1ni+1} × · · · × {δknk},
where Ei is an edge of ∆li . We see that the vertices
adjacent to a vertex sn0,...,nk are those that differ from
sn0,...,nk in exactly one index, that is, the vertices
sn0,...,ni−1,j,ni+1,...,nk , j 6= ni, i = 0, . . . , k.
Pick the vertex sl0,...,lk and let
e
i
j := sl0,...,li−1,j,li+1,...,lk − sl0,...,lk
denote the vectors given by the adjacent edges.
Lemma 1. (i) The extreme rays of the cone A(S)+
are generated by the effects mij, i = 0, . . . , k, j =
0, . . . , li.
(ii) The effects
1S,m
0
0, . . . ,m
0
l0−1,m
1
0, . . . ,m
1
l1−1, . . . ,m
k
0 , . . . ,m
k
lk−1 (3)
form a basis of the vector space A(S).
(iii) The elements
sl0,...,lk , e
0
0, . . . , e
0
l0−1, e
1
0, . . . , e
1
l1−1, . . . , e
k
0 , . . . , e
k
lk−1 (4)
form a basis of the vector space V (S), dual to (3).
Proof. Since the null spaces (mij)
−1(0) are exactly the
maximal faces of S, these effects generate the extreme
rays of A(S)+. Further, let f1, f2, . . . denote the elements
in (3) and x1, x2, . . . the elements of (4). It is easy to
see that 〈fi, xj〉 = δij , so that both sets are linearly in-
dependent. The statements (ii) and (iii) now follow from
the fact that dim(A(S)) =
∑k
i=0 li + 1.
The basis elements (4) are visualized in Fig. 1. With
respect to this basis, the vertices are expressed as
sn0,...,nk = sl0,...,lk +
k∑
i=0
e
i
ni . (5)
Remark 1. We can get another pair of dual bases using
any vertex sn0,...,nk and its adjacent edges for a basis of
V (S) and
{1S} ∪ {mij, j 6= ni, i = 0, . . . , k}
for the dual basis of A(S).
Example 9. (The square.) The simplest example is the
square 2 = ∆1×∆1. The vertices s0,0, s0,1, s1,0, s1,1 sat-
isfy the relation s0,0+s1,1 = s0,1+s1,0. This state space is
also called the gbit or square-bit, see [6, 18, 35]. The dual
cone A(2)
+ is generated by four effects m00,m
0
1,m
1
0,m
1
1.
Since we have m00 + m
0
1 = 12 = m
1
0 + m
1
1, these ef-
fects again form a square, so that V (2)
+ is weakly
self-dual. Note that the square is the only polysim-
plex with this property. (This follows from the fact
that the extreme rays of V (S)+ are generated by ver-
tices of S, whereas the extreme rays of A(S)+ correspond
to maximal faces of S. Therefore, V (S)+ ≃ A(S)+ im-
plies Πki=0(li + 1) =
∑k
i=0(li + 1), this holds only for the
square).
The following relation of polysimplices and spaces of
classical channels is immediate (see also Examples 1 and
4).
Proposition 3. We have ∆k+1n ≃ A(∆k,∆n). More
generally, any polysimplex Sl0,...,lk is isomorphic to a face
of A(∆k,∆n), with n ≥ maxi li. This isomorphism is
given by
s 7→ Ts ∈ A(∆k,∆n), Ts(j|i) =
{
mij(s), if j ≤ li
0 otherwise
.
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FIG. 1. Basis elements {s1,1,1, e
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2
0} for the cube 3, and {s2,1, e
0
0, e
0
1, e
1
0} for the polysimplex S2,1.
There is also a relation of polysimplices and spaces of
quantum channels. To describe this relation, we will need
the following notion.
Let K and K ′ be state spaces. A map R ∈ A(K,K ′)
such that there is a map S ∈ A(K ′,K) with RS = idK′
is called a retraction. The map S : K ′ → K is then
called a section. For any retraction-section pair (R,S),
the map P = SR is a projection on K onto the range of
S, that is, an affine idempotent map K → K such that
P (K) = S(K ′). Moreover, any map in A(K ′, C) for a
convex set C has an extension to a map in A(K,C).
Proposition 4. There exists a retraction-section pair
R ∈ A(CA,A′ ,∆dAdA′−1) and S ∈ A(∆
dA
dA′−1, CA,A′), deter-
mined by
m
i
jR(Φ) = 〈j,Φ(|i〉〈i|A)|j〉A′ , ∀i, j; Φ ∈ CA,A′
and
S(s) =
∑
i,j
〈i, ·|i〉Amij(s)|j〉〈j|A′ , s ∈ ∆dAdA′−1.
Proof. Since mijR(Φ) ≥ 0 for all i, j and
∑
j m
i
jR(Φ) =
TrΦ(|i〉〈i|) = 1 for all i, R is a well defined element in
A(CA,A′ ,∆dAdA′−1). For each s, S(s) is a c-c channel and
is therefore completely positive. It is quite clear that
m
i
jRS(s) = m
i
j(s), ∀i, j,
so that RS = id.
Remark 2. The above Proposition implies that there is
a projection of CA,A′ onto a set of c-c channels and that
any map in A(∆dAdA′−1, C) can be extended to a map inA(CA,A′ , C), for any convex set C. The consequences of
this fact will become clear later on.
IV. INCOMPATIBILITY OF MEASUREMENTS
Let K be a state space and let f i ∈ A(K,∆li) be
a measurement with values in {0, . . . , li}, i = 0, . . . , k.
We say that f0, . . . , fk are compatible if they are the
marginals of a single joint measurement with values in
{0, . . . , l0} × · · · × {0, . . . , lk}. For an exposition of in-
compatibility in our setting, see [17].
The joint measurement is described by a map g ∈
A(K,∆L) with L := Πi(li + 1) − 1 (note that ∆L ≃⊗
i∆li) and can be parametrized as
g(x) =
∑
ni∈{0,...,li}
gn0,...,nk(x)δn0,...,nk ,
where gn0,...,nk ∈ E(K) and δn0,...,nk is the probability
measure concentrated at (n0, . . . , nk). We then have
f ij =
∑
n0,...,ni−1,ni+1,...,nk
gn0,...,ni−1,j,ni+1,...,nk . (6)
for the effects of f i. Let J ∈ A(∆L, S) be determined by
J(δn0,...,nk) = sn0,...,nk . Then it is easy to see that (6) can
be written as f ij = m
i
jJg. In other words, f
0, . . . , fk is
compatible if and only if the corresponding F ∈ A(K, S)
satisfies
F = Jg, for some g ∈ A(K,∆L). (7)
The following observation is simple but important.
Theorem 1. The measurements f0, . . . , fk are compat-
ible if and only if the corresponding channel F is entan-
glement breaking.
Proof. If f0, . . . , fk are compatible, then F is ETB by (7)
and Proposition 1. Conversely, let F be ETB. Proposi-
tion 1 implies that there is some simplex ∆n and channels
g′ ∈ A(K,∆n), T ∈ A(∆n, S) such that F = Tg′. The
channel T corresponds to a collection of measurements
ti := miT ∈ A(∆n,∆li). Since all measurements on a
simplex are compatible, there is some h ∈ A(∆n,∆L)
such that T = Jh. Putting g = hg′ finishes the proof.
Remark 3. The above characterization of incompatible
measurements as non-ETB channels suggests that these
channels should be admissible in the GPT in question,
7which also means that we need to include the polysim-
plices into the theory. For quantum theory this might
seem strange, since the polysimplices are certainly not
quantum state spaces. On the other hand, the retraction-
section pairs of Proposition 4 allow us to include maps in
A(S(H), S) into the larger setting of quantum networks.
If F ∈ A(S(H),∆k+1n ) is a collection of quantum mea-
surements and S is the section of Proposition 4, then SF
is a map from states into quantum channels. Using the
Choi representation, one can see that this map is also
completely positive, hence a quantum comb, [34]. More-
over, since RS = id, SF is ETB iff F is. One should
be aware that ”entanglement breaking” has a different
meaning here than for usual cp maps: F is compatible iff
(SF ⊗ id)(ρ) is a local bipartite channel for any bipartite
state ρ.
A. Incompatibility witnesses
Let F = (f0, . . . , fk) ∈ A(K, S) be a collection of mea-
surements. By Proposition 2, F is non-ETB if and only
if there is someW ∈ A(S, V (K)+) such that TrFW < 0.
Such a W will be called an incompatibility witness. As
can be seen from Proposition 1, this notion has a close
relation to entanglement witnesses.
Any W ∈ A(S, V (K)) is determined by the images of
the vertices of S. The elements
wn0,...,nk :=W (sn0,...,nk)
will be called the vertices of W (although not all of these
points must be vertices of the image W (S)). The map
W is positive if and only if all its vertices are in V (K)+.
The image of the barycenter of S, w¯ := W (¯s), will be
called the barycenter of W . We say that W is degener-
ate if dim(W (S)) < dim(S). A description of the cones
A(S, V (K)+) and Asep(S, V (K)+) can be found in Ap-
pendix B.
It is clear that an ETB map cannot be an incom-
patibility witness. As we shall see (Fig. 2 below), not
all non-ETB maps are witnesses. For a characteriza-
tion of witnesses, we will need the following notion. Let
W, W˜ ∈ A(S, V (K)+). We say that W˜ is a translation of
W in the direction v ∈ V (K) if W˜ =W +Lv where Lv is
the constant map Lv(s) ≡ v. Equivalently, the vertices
of W˜ satisfy w˜n0,...,nk = wn0,...,nk+v for all n0, . . . , nk. If
v is such that 〈1K , v〉 = 0, we say that W˜ is a translation
of W along K.
Theorem 2. A map W ∈ A(S, V (K)+) is an incompat-
ibility witness if and only if no translation of W along K
is ETB.
Proof. Note that A(K, S) is a compact convex subset
of A(K,V (S)+). We need to describe the generated
space and cone. For shorter notations, let us denote
V := V (A(K, S)) and V+ := V (A(K, S))+. We have
V = {T ∈ A(K,V (S)), 1ST ∈ R1K},
and V+ = A(K,V (S)+) ∩ V . Let V⊥ be the annihilator
of V in the dual space A(S, V (K)), then it is not difficult
to see that
V⊥ = {Lv, v ∈ V (K), 〈1K , v〉 = 0}.
Since int(V+) 6= ∅ (for example, any constant map of K
onto s ∈ ri(S) is in int(V+)), Krein’s theorem [36] implies
that any positive functional on (V ,V+) extends to an ele-
ment in the dual cone A(K,V (S)+)∗ = Asep(S, V (K)+).
If W ∈ A(S, V (K)+) is not a witness, then F 7→ TrFW
extends to a positive functional on (V ,V+), so that there
is some W˜ ∈ Asep(S, V (K)+) such that
TrFW = TrFW˜ , F ∈ A(K, S).
Hence W − W˜ ∈ V⊥, so that W˜ is an ETB translation
of W along K. Conversely, assume that W is a witness.
Let F ∈ A(K, S) be such that TrFW < 0, then for
any translation W˜ of W along K, we have TrFW˜ =
TrFW < 0. It follows that W˜ is a witness as well and
cannot be ETB.
We will find another characterization of incompatibil-
ity witnesses for two-outcome measurements later (Corol-
lary 3).
1. Extremal and non-ETB elements in A(2, V (K)
+)
For detection of incompatibility, it suffices to use wit-
nesses that are extremal in the cone A(S, V (K)+). More
precisely, for an ordered vector space (V, V +), we say that
and element v ∈ V + is extremal if it is nonzero and lies
on an extreme ray of V +. Alternatively, v is extremal if
v 6= 0 and v′ ≤ v for any v′ ∈ V + implies that v′ = tv
for some t ≥ 0. A description of extremal elements in
A(S, V (K)+) will be also useful in the next section.
So far, we can do this in the simplest case when S =
2. Any W ∈ A(2, V (K)+) is given by four vertices
wi,j ∈ V (K)+, i, j = 0, 1, satisfying
w0,0 + w1,1 = w0,1 + w1,0 = 2w¯. (8)
Proposition 5. Let W ∈ A(2, V (K)+) have vertices
wi,j, i, j = 0, 1 and barycenter w¯ 6= 0. Let Fi,j denote the
face of V (K)+ generated by wi,j and let Li,j = Fi,j−Fi,j
be the generated subspace. Then W is extremal if and
only if
L0,0 ∩ L1,1 = L0,1 ∩ L1,0 = {0} (9)
(L0,0 ⊕ L1,1) ∩ (L0,1 ⊕ L1,0) = Rw¯. (10)
Proof. Assume that the two conditions are fulfilled and
let W ′ ≤W , with vertices w′i,j and barycenter w¯′. Then
clearly w′i,j ∈ Fi,j . By (10) we must have w¯′ = tw¯ for
some t ∈ [0, 1], but then w′i,j = twi,j for all i, j by (9). It
follows that W is extremal.
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FIG. 2. Incompatibility witnesses for qubit states. Three examples of maps W,W ′,W ′′ from the square into the Bloch ball. The
vertices of W are the pure states |0〉, |1〉, |+〉, |−〉 so that W is extremal and not ETB by Corollary 1. It is easy to see that there is
no nontrivial translation of W along K, hence W is a witness. The map W ′ is ETB, since the vertices w′
i,j
have a decomposition as in
Proposition B.1, Appendix B (where the elements ψij are the vertices of W multiplied by
1
2
). The map W ′′ has extremal vertices w′′i,j , so
that it is again extremal and not ETB by Corollary 1. But W ′′ is not a witness by Theorem 2, since the ETB map W ′ is a translation of
W ′′ along K.
Conversely, let us denote the subspace on the LHS of
(10) by L and assume that there is some ψ 6= tw¯ in
L. Then there are some ψi,j ∈ Li,j such that ψ = ψ0,0 +
ψ1,1 = ψ0,1+ψ1,0. By definition of Li,j , there is some u >
0 such that w±i,j :=
1
2wi,j ± uψi,j ∈ V (K)+. Obviously,
w+i,j and w
−
i,1 are vertices of some W
+ and W−, which
are not multiples of W , and we have W =W++W−. It
follows that W is not extremal.
If (9) is not true, then there are some ηi,j ∈ Li,j such
that not all of them are 0 and η0,0+η1,1 = η0,1+η1,0 = 0.
We may then proceed as above to show that W is not
extremal.
We are now interested in extremal elements that are
non-ETB. We start with a simple observation.
Lemma 2. LetW ∈ A(2, V (K)+). If W is degenerate,
then it is ETB.
Proof. W is degenerate iff dim(W (2)) ≤ 1. If the di-
mension is 0, then W is constant, hence clearly ETB.
Assume that the dimension is 1, then all vertices wi,j of
W lie on a segment. It is easy to see that we may find
a decomposition as in Proposition B.1 using multiples of
the endpoints of the segment, so that W is ETB.
Corollary 1. Assume that W is non-degenerate and
each vertex is extremal in V (K)+. Then W is non-ETB
and extremal in A(2, V (K)+).
Proof. Any ETB map which is extremal in
A(2, V (K)+) has the form mij(·)φ for some i, j ∈ {0, 1}
and φ an extremal element in V (K)+. Such a map
is clearly degenerate. It is therefore enough to show
that W is extremal. Since wi,j are extremal in V (K)
+,
dim(Li,j) = 1 for all i, j. If (9) or (10) is not satisfied,
then it is easy to see that dim(W (2) = 1. Since W is
non-degenerate, this is impossible.
Corollary 2. Let dim(K) = 2 and assume that W ∈
A(2, V (K)+) is non-ETB. Then W is extremal if and
only if all its vertices are extremal in V (K)+.
Proof. We will use the notation of Proposition 5. Assume
that W is extremal and that, say, w0,1 = 0. Then w0,0 +
w1,1 = w0,1 = 2w¯ and F0,0, F1,1 ⊆ F0,1. By (10), we must
have L0,1 = Rw¯, so that φ must be extremal in V (K)
+.
Consequently, both w0,0 and w1,1 are multiples of w¯, but
then W is degenerate and hence ETB. It follows that all
vertices must be nonzero. Then it follows from (9), (10)
by dimension counting that we must have dim(Li,j) = 1,
so that all vertices are extremal in V (K)+. The converse
is Corollary 1.
9Example 10. (The square) Since dim(2) = 2, all non-
ETB extremal maps must have extremal vertices. There-
fore, w0,0 and w1,1 must be some multiples of opposite
vertices, similarly w0,1 and w1,0 must be multiples of the
other pair of opposite vertices. Applying effects mij to the
equality (8), we see that all coefficients must be the same.
It follows that W is (a multiple of) an automorphism of
2. Hence there are 8 extremal rays in A(2, V (2)+)
that are non-ETB. It is easy to see that elements in these
rays are witnesses, since they have no nontrivial transla-
tions along 2.
Example 11. (Quantum state spaces) Let W ∈
A(2, B(H)+) be extremal and let ρ = w¯ be the barycen-
ter. Let P = supp(ρ) be the support projection of ρ. Let
0 ≤ Ei,j ≤ P be effects such that 12wi,j = ρ1/2Ei,jρ1/2.
We will show that all Ei,j are projections. Indeed, let M
be an effect majorized by both E0,0 and I − E0,0. Then
σ := ρ1/2Mρ1/2 ≤ w0,0, w1,1, so that σ ∈ L0,0 ∩ L1,1 =
{0}. Since M ≤ P , it follows that M = 0, so that
E0,0 ∧ (I − E0,0) = 0 and this implies that E0,0 is a
projection. Then E1,1 = P −E0,0 is a projection as well,
orthogonal to E0,0. Similarly for E0,1 and E1,0.
Let A ∈ Bh(PH) be such that A commutes with
both E0,0 and E0,1. Then ρ
1/2AEi,jρ
1/2 ∈ Li,j and
ρ1/2Aρ1/2 ∈ (L0,0 + L1,1) ∩ (L0,1 + L1,0). By (10), this
implies ρ1/2Aρ1/2 = tρ for some t ∈ R, so that A = tP .
Hence any element commuting with both E0,0 and E1,1
must be a multiple of P . But the commutant of two pro-
jections is always nontrivial, unless one of the following
two cases occurs:
(a) P is rank one and all Ei,j are either P or 0. Then ρ
is rank one and W = mij(·)ρ for some i, j ∈ {0, 1},
these are precisely the ETB extremal maps.
(b) P is rank 2 and E0,0 and E0,1 are rank one non-
commuting projections. In that case, ρ is rank 2
and all wi,j are rank 1 operators.
It follows that a non-ETB map W ∈ A(2, B(H)+) is
extremal if and only if all its vertices are extremal.
B. Incompatibility degree
Incompatibility degree of a collection of measurements
can be defined as the least amount of noise that has to be
added to obtain a compatible collection. Following [17],
the noise will have the form of coin-toss measurements,
see [10, 18, 37] for related definitions.
For p ∈ ∆l, a coin-toss measurement is defined as
a constant map fp(x) ≡ p. It is immediate that
fp is compatible with any g ∈ A(K,∆l) (since the
map (g, fp) factorizes through ∆l × ∆0 ≃ ∆l). Let
us again fix l0, . . . , lk ∈ N and let pi ∈ ∆li , 0 =
1, . . . , k. Then the channel given by the collection of
coin-tosses (fp0 , . . . , fpk) is the constant map Fs(x) ≡
s := (p1, . . . , pk) ∈ S.
For F ∈ A(K, S) and s ∈ S, we define the incompati-
bility degree as
IDs(F ) := min{λ ∈ [0, 1], (1− λ)F + λFs is ETB}.
We also define
ID(F ) := inf
s∈S
IDs(F ).
We first show that ID(F ) is attained at an interior point
of S.
Lemma 3. ID(F ) = infs∈ri(S) IDs(F ).
Proof. Let s0 ∈ ∂S and let s1 ∈ ri(S), then st := ts1 +
(1 − t)s0 ∈ ri(S) for all t ∈ (0, 1]. Put µ := λ(1−t)1−λt . We
have Fst = tFs1 + (1− t)Fs0 and
(1− λ)F + λFst = (1− λt) ((1− µ)F + µFs0) + λtFs1 .
Assume that IDs0(F ) = µ, then (1−µ)F +µFs0 is ETB,
so that (1− λ)F + λFst is ETB as well. It follows that
inf
s∈ri(S)
IDs(F ) ≤ IDst(F ) ≤ λ =
IDs0(F )
1− t(1 − IDs0(F ))
.
Letting t→ 0 implies the result.
The next result shows that the incompatibility degree
can be obtained using incompatibility witnesses. Note
that the minimum qs(F ) below is attained at an extremal
element in A(S, V (K)+).
For pairs of two-outcome measurements, the follow-
ing expression for incompatibility degree is related to the
dual linear program of [19, 38]. In the quantum case,
similar results using SDP were obtained in [10].
Proposition 6. Let s ∈ ri(S). Let us denote
Ws := {W ∈ A(S, V (K)+), W (s) ∈ K}
and for F ∈ A(K, S),
qs(F ) := min
W∈Ws
TrFW.
Then
IDs(F ) =
{
0 if qs(F ) > 0
−qs(F )
1−qs(F ) otherwise.
For the proof, we will need the following lemma.
Lemma 4. Let (V, V +) be an ordered vector space and
u ∈ V an order unit. Let S(V, V +, u) = {σ ∈
(V +)∗, 〈σ, u〉 = 1}. Then for v ∈ V ,
inf{t, v + tu ∈ V +} = max
σ∈S(V,V +,u)
−〈σ, v〉.
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Proof. Let t0 denote the infimum on the LHS and s0 the
supremum on the RHS. Let t ∈ R be such that v + tu ∈
V +. Then for any σ ∈ S(V, V +, u), we have
0 ≤ 〈σ, v + tu〉 = 〈σ, v〉 + t
so that −〈σ,w〉 ≤ t. It follows that s0 ≤ t0. Conversely,
note that
〈σ, v + s0u〉 = 〈σ, v〉 + s0 ≥ 0
for all σ ∈ S(V, V +, u), hence for all elements in (V +)∗,
this implies t0 ≤ s0.
Proof of Proposition 6. Note that Fs = 1K(·)s is an in-
terior element in the cone Asep(K,V (S)+), hence an or-
der unit and we have TrFsW = 〈1K ,W (s)〉. Clearly, if
qs(F ) > 0 then F is compatible. Otherwise, by the above
Lemma, −qs(F ) is the smallest t ≥ 0 such that F + tFs
is ETB, so that IDs(F ) =
−qs(F )
1−qs(F ) .
We next use the pair of dual bases in (3) and (4) to
find a suitable expression for TrFW . To shorten the
notations, put wij := wl0,...,li−1,j,li+1,...,lk , note that w
i
li
=
wl0,...,lk for all i. Then
W (eij) = w
i
j − wili , j = 0, . . . , li, i = 0 . . . , k.
We have
TrFW = 〈1S, FW (sl0,...,lk)〉+
k∑
i=0
li−1∑
j=0
〈mij , FW (eij)〉
(11)
= 〈1K , wl1,...,lk〉+
k∑
i=0
li−1∑
j=0
〈f ij , wij − wili〉
=
k∑
i=0
li∑
j=0
〈f ij , wij〉 − k〈1K , wl1,...,lk〉 (12)
Using this, we obtain another characterization of
witnesses for two-outcome measurements. Recall that
e
0
0,. . . ,e
k
0 are edges adjacent to the vertex s1,...,1.
Corollary 3. Let W ∈ A(k+1, V (K)+). Then W is a
witness if and only if
k∑
i=0
‖W (ei0)‖K > 2〈1K , w¯〉.
Proof. We may assume that 〈1K , w¯〉 = 1, so that W ∈
Ws¯. Put µij := 〈1K , wij〉. Then for any F ∈ A(K,k+1),
we have using (12)
TrFW = Tr (F − Fs¯)W +TrFs¯W
=
k∑
i=0
1∑
j=0
(〈f ij , wij〉 −
1
2
µij) + 1.
W is a witness if and only if
0 > min
F∈A(K,k+1)
TrFW
=
k∑
i=0
min
f∈E(K)
(〈f, wi0〉+ 〈1− f, wi1〉 −
1
2
(µi0 + µ
i
1)) + 1
=
k∑
i=0
(
1
2
(µi1 − µi0)− max
f∈E(K)
〈f, wi1 − wi0〉) + 1
= −1
2
k∑
i=0
‖W (ei0)‖K + 1
The last equality follows from the fact that
maxf∈E(K)〈f, ψ〉 = 12 (‖ψ‖K+ 〈1K , ψ〉) for all ψ ∈ V (K).
Observe that by the above proof, the maximal value
of IDs¯ attainable by k + 1 two-outcome measurements
on a state space K is obtained from the maximal value
of
∑k
i=0 ‖W (ei0)‖K over all maps W ∈ A(k+1, V (K)+)
with w¯ ∈ K. For k = 1, the maximal value of IDs¯ for
quantum state spaces was obtained in [11]. We prove this
result by our method and show that ID attains the same
value.
Corollary 4. For a quantum state space S = S(H), we
have
max
F∈A(S,2)
ID(F ) = 1− 1√
2
.
Proof. Let F ∈ A(S,2) be incompatible and let W ∈
Ws¯ be such that TrFW = qs¯(F ). We may assume that
W is extremal in A(2, B(H)+), so by Example 11, there
are some unit vectors xi,j ∈ H and a rank 2 density
operator ρ with support projection P such that
|x0,0〉〈x0,0|+ |x1,1〉〈x1,1| = |x0,1〉〈x0,1|+ |x1,0〉〈x1,0| = P
and the vertices of W satisfy 12wi,j = ρ
1/2|xi,j〉〈xi,j |ρ1/2.
By Ho¨lder’s inequality, we have
1
2
‖W (e00)‖1 = ‖ρ1/2(|x0,1〉〈x0,1| − |x1,1〉〈x1,1|)ρ1/2‖1
≤ ‖|x0,1〉〈x0,1| − |x1,1〉〈x1,1|‖
=
√
1− |〈x0,1|x1,1〉|2 =: c.
Similarly,
1
2
‖W (e10)‖1 ≤
√
1− |〈x1,0|x1,1〉|2 =: d.
Since 〈x0,1, x1,0〉 = 0, we have c2 + d2 = 1 and hence
c+ d ≤ √2. By the proof of Corollary 3, it follows that
qs¯(F ) = TrFW ≥ −1
2
(‖W (e00)‖1 + ‖W (e10)‖1) + 1
≥ 1− (c+ d) ≥ 1−
√
2.
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On the other hand, let W0 have vertices ρi,j =
|xi,j〉〈xi,j |, with unit vectors xi,j such that |〈x0,1|x1,1〉| =
|〈x1,0|x1,1〉| =
√
2/2. In this case, W (s) ∈ S for any
s ∈ 2. Let F0 = (f0, f1) be determined by the effects
f10 := argmaxf∈E(S)〈f, ρ1,1 − ρ0,1〉,
f20 := argmaxf∈E(S)〈f, ρ1,1 − ρ1,0〉.
Then we have
1−
√
2 ≤ qs¯(F0) ≤ TrF0W0
= −1
2
(‖ρ0,1 − ρ1,1‖1 + ‖ρ1,0 − ρ1,1‖1) + 1
= 1−
√
2
It follows that maxF IDs¯(F ) = 1 − 1√2 , this corresponds
to the results obtained in [11]. Note further that the
witness W0 ∈ Ws for any s ∈ ri(2). We obtain
qs(F0) = min
W∈Ws
TrF0W ≤ TrF0W0 = qs¯(F0).
It follows that
IDs¯(F0) =
−qs¯(F0)
1− qs¯(F0) ≤
−qs(F0)
1− qs(F0) = IDs(F0)
so that IDs¯(F0) = ID(F0). We then have
ID(F ) ≤ IDs¯(F ) ≤ IDs¯(F0) = ID(F0) = 1− 1√
2
.
C. Maximally incompatible measurements
Let S be any polysimplex and let F = (f0, . . . , fk) ∈
A(K, S) be a collection of measurements. It is well known
that
IDs(F ) ≤ k
k + 1
for any s ∈ S (see e.g. [17]): the joint measurement
for 1k+1F +
k
k+1Fs can be defined by choosing one of
the measurements uniformly at random and replace all
other measurements by the corresponding coin tosses. If
ID(F ) = kk+1 , we say that F is maximally incompati-
ble. We now give a general characterization of maximal
incompatibility.
Theorem 3. Let F ∈ A(K, S). Then the following are
equivalent.
(i) F is maximally incompatible.
(ii) IDs(F ) =
k
k+1 for all s ∈ S.
(iii) IDs(F ) =
k
k+1 for some s ∈ ri(S).
(iv) There is some W ∈ A(S,K) such that TrFW =
−k.
(v) There is some W ∈ A(S,K) such that
〈f ij , wn1,...,ni−1,j,ni+1,...,nk〉 = 0, ∀i, j; n0, . . . , nk.
Proof. (i) =⇒ (ii) follows from the definition of ID(F )
and the fact that IDs(F ) ≤ kk+1 for all s, (ii) =⇒ (iii)
is trivial. Assume (iii), then by Proposition 6 there is
some W ∈ Ws such that TrFW = qs(F ) = −k. For
any n0, . . . , nk, choose the pair of dual bases of V (S) and
A(S) by fixing the vertex sn0,...,nk as in Remark 1, then
exactly as in (12), we obtain
−k =
k∑
i=0
li∑
j=0
〈f ij , wn0,...,ni−1,j,ni+1,...,nk〉 − k〈1K , wn0,...,nk〉
≥ −k〈1K , wn0,...,nk〉
This implies that 〈1K , wn0,...,nk〉 ≥ 1 for all n0, . . . , nk.
On the other hand, since W (s) ∈ K is a convex combi-
nation of all wn0,...,nk with nonzero coefficients, we must
have 〈1K , wn0,...,nk〉 = 1, hence (iv) holds. Further, if W
is as in (iv), the inequality in the above computation must
be an equality, so that 〈f ij , wn0,...,ni−1,j,ni+1,...,nk〉 = 0 for
all i and j, hence (v) holds.
Assume (v), then W (s) ∈ K for any s ∈ S and
TrFW = −k by (12). It follows that IDs(F ) is max-
imal for all s ∈ ri(S). By Lemma 3, this implies (i).
Maximal incompatibility has a nice geometric inter-
pretation for two-outcome measurements. For k = 1 the
following results were essentially proved in [19]. Recall
the definition of retraction-section pairs in Section III.
Corollary 5. Let F ∈ A(K,k+1). Then F is maxi-
mally incompatible if and only if F is a retraction.
Proof. Assume that F is a retraction and let S : S → K
be the corresponding section. Let U be the automor-
phism of S given as U(sn0,...,nk) = s1−n0,...,1−nk and put
W = SU . Then W ∈ A(S,K) and we have
TrFW = TrFSU = TrU = 1 +
k∑
i=0
〈mi0, U(ei0)〉 = −k.
Hence F is maximally incompatible. Conversely, assume
that F is maximally incompatible and let W be the wit-
ness as in Thm. 3 (v). Observe that then
m
i
jFW = f
i
jW = m
i
1−j ,
it follows that FW = U . Putting S = WU we obtain
FS = idS, so that F is a retraction.
Corollary 6. There exist k + 1 maximally incompati-
ble two-outcome measurements on K if and only if there
exists a projection K → K whose range is affinely iso-
morphic to k+1.
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Proof. If F is maximally incompatible, then by Corollary
5 there is a section S ∈ A(k+1,K) such that FS = id.
It follows that P := SF is a projection K → K such that
PS = S and FP = F , hence the restriction of F to the
range of P is an isomorphism onto k+1 whose inverse is
S.
Conversely, assume that P : K → K is such a projec-
tion and let U : P (K)→ k+1 be the isomorphism onto
the cube. Then F = UP is obviously a retraction, since
then FU−1 = UPU−1 = UU−1 = idk+1 .
Example 12. (Maximal incompatibility in S) We will
show that any collection of effects m0n0 , . . . ,m
k
nk
with
ni ∈ {0, . . . , li} is maximally incompatible. Indeed, let
F ∈ A(S,k+1) be the corresponding channel and let
S ∈ A(k+1, S) be determined by the collection of mea-
surements t0, . . . , tk, given by
ti(s) = mi0(s)δ
i
ni + (1−mi0(s))δin′i , s ∈ k+1,
for some n′i 6= ni. Then FS = idk+1 , so that F is a re-
traction. Note that this also implies that the projections
m0, . . . ,mk of S are maximally incompatible as well, since
they determine the identity map idS and ifW is a witness
as in Theorem 3 (iv), then Tr idSFW = TrFW = −k and
FW ∈ A(S, S).
We next show that maximally incompatible measure-
ments exist in the space of quantum channels, cf. [19, 20].
This result is a simple consequence of Proposition 4 and
Example 12, see also Remark 2.
Corollary 7. There exists a maximally incompatible col-
lection of dA two-outcome measurements on CA,A′ .
Proof. Let R ∈ A(CA,A′ ,∆dAdA′−1) be the retraction as
in Proposition 4 and let F ∈ A(∆dAdA′−1,dA) be as in
Example 12. Then F is a retraction, so that FR ∈
A(CA,A′ ,dA) is a retraction as well.
Remark 4. As in the above proof, any retraction K → S
is maximally incompatible. On the other hand, let F ′ =
(f0, . . . , fk) be such that the collection G of two-outcome
measurements determined by the effects f0n0 , . . . , f
k
nk is
maximally incompatible. Then F ′ is maximally incom-
patible as well. Indeed, with the notation of Example
12, G = FF ′. Let W ′ be the witness k+1 → K such
that TrGW ′ = −k, then W ′F : S → K is a witness
demonstrating maximal incompatibility of F ′. Since the
other effects are not involved, F ′ is not necessarily a re-
traction, so that Corollary 5 cannot be extended to all
polysimplices.
V. STEERING AND NONLOCALITY
Quantum steering refers to the property of entangled
quantum states which allows one to ”steer” the state of
one component by choosing suitable measurements on
the other [39]. A rigorous operational definition was
given in [14] and can be easily rephrased in the setting
of GPT.
A. Steering in GPT
Let KA,KB be state spaces and let y ∈ KA⊗˜KB be
a joint state. If a measurement fA ∈ A(KA,∆n) is ap-
plied on system A, then y is mapped onto some element
(fA ⊗ idB)(y) ∈ ∆n ⊗ KB. It means that there are
some states xj ∈ KB and a probability measure p ∈ ∆n
such that (fA ⊗ idB)(y) =
∑n
j=0 p(j)δj ⊗ xj . This has
the interpretation that with probability p(j), the out-
come j is observed on A and the state of B turns into
xj . The collection {p(j), xj} of states and probabilities
is called an ensemble. If B has no information about
the outcome, the state of B is just the average state∑
j p(j)xj = (1A ⊗ idB)(y) =: yB.
Assume now that an observer on the system A
can choose from a collection of measurements f iA ∈
A(KA,∆li). Then we obtain a set of ensembles
{p(j|i), xj|i} with a common average state yB. Such a set
is called an assemblage. According to [14], an assemblage
does not demonstrate steering if there is a (finite) set Λ of
”classical messages” distributed according to a probabil-
ity measure q, corresponding elements {xλ ∈ KB, λ ∈ Λ}
and conditional probabilities q(j|i, λ) such that
p(j|i)xj|i =
∑
λ
q(λ)q(j|i, λ)xλ. (13)
In this case, the assemblage can be explained by a local
hidden state model, see [14] for more details. The next
result shows that steering can be conveniently expressed
in terms of the minimal and maximal tensor products of
compact convex sets.
Theorem 4. Let K be a state space and S a polysimplex.
Let β ∈ S⊗̂K.
(i) There is an assemblage {p(j|i), xj|i, j =
0, . . . , li, i = 0, . . . , k} of elements in K with
average state
∑
j p(j|i)xj|i = x ∈ K, such that
β = sl0,...,lk ⊗ x+
k∑
i=0
li−1∑
j=0
e
i
j ⊗ p(j|i)xj|i. (14)
(ii) The assemblage in (i) does not demonstrate steer-
ing if and only if β is separable.
Moreover, any element of the form (14) is in S⊗̂K.
Proof. Using the basis (4), we have
β = sl0,...,lk ⊗ φ+
k∑
i=0
li−1∑
j=0
e
i
j ⊗ φij
13
for some φ, φij ∈ V (K). By definition of S⊗̂K, we must
have 〈β,mij ⊗ f〉 ≥ 0 for all i, j and f ∈ E(K). For j 6= li
this is true if and only if φij ∈ V (K)+. We also have for
all i and f ∈ E(K)
li−1∑
j=0
〈φij , f〉 ≤
li∑
j=0
〈β,mij ⊗ f〉 = 〈β, 1S ⊗ f〉 = φ,
hence
∑
j φ
i
j ≤ φ ∈ V (K)+ and 〈β, 1S⊗ 1K〉 = 〈φ, 1K〉 =
1. Put φili := φ −
∑li−1
j=0 φ
i
j and p(j|i) := 〈1K , φij〉,
xj|i := p(j|i)−1φij (if p(j|i) > 0, otherwise x(j|i) can
be anything) for all i and j. Then {p(j|i), xj|i} is an
assemblage with average state x := φ. This proves (i).
For (ii), assume that (13) holds. Then x =
∑
λ q(λ)xλ
and we have
β =
∑
λ
q(λ)sλ ⊗ xλ,
where sλ := sl0,...,lk +
∑k
i=0
∑li−1
j=0 q(j|i, λ)eij ∈ S, this
follows from 〈mij , sλ〉 = q(j|i, λ) ≥ 0 and 〈1S, sλ〉 =
〈1S, sl0,...,lk〉 = 1. Hence β is separable. Conversely, let
β =
∑
n0,...,nk
sn0,...,nk ⊗ αn0,...,nk
for some αn0,...,nk ∈ V (K)+. Put Λ :=
{(n0, . . . , nk), ni = 0, . . . , li}, q(n0, . . . , nk) :=
〈1K , αn0...nk〉, xn0,...,nk := q(n0, . . . , nk)−1αn0...nk ,
and
q(j|i, (n0, . . . , nk)) :=
{
1 if ni = j
0 otherwise.
Then for all i and j,
p(j|i)xj|i = 〈β,mij ⊗ ·〉 =
∑
n0,...,nk,ni=j
αn0,...,nk
=
∑
λ∈Λ
q(λ)q(j|i, λ)xλ.
This proves (ii). The last statement follows from the
proof of (i).
In view of the preceding theorem, any element in S⊗̂K
will be called an assemblage. The common average state
x will be called the barycenter of β.
It is already known that there is no steering if y is
separable or the measurements f iA are compatible. This
can be seen immediately from Theorem 4. Let FA =
(f0A, . . . , f
k
A), then β = (FA ⊗ idB)(y) ∈ S⊗̂KB is the
associated assemblage. If y ∈ KA ⊗KB, then β must be
separable and hence does not demonstrate steering. If
the measurements are compatible, then β is separable by
Theorem 1.
In general, not all assemblages in S⊗̂KB are ob-
tained from some collection FA and a bipartite state
y ∈ KA⊗˜KB. If this is the case, we say that the state
space KB admits steering. Note that quantum state
spaces satisfy this condition. Somewhat stronger con-
ditions were studied in [40] and their relations to homo-
geneity and weak self-duality of the state spaces were
found.
B. Steering degree
Let β ∈ S⊗̂K be an assemblage with barycenter x. A
steering degree can be defined similarly as incompatibil-
ity degree, as the smallest amount of noise that has to be
added to β to obtain a separable element. For the noise,
we use assemblages of the form s ⊗ x for s ∈ S. This is
a separable assemblage with p(j|i) = mij(s) and xj|i = x
for all i, j. We put
SDs(β) := min{λ ∈ [0, 1], (1− λ)β + λs⊗ x ∈ S⊗K}
and
SD(β) := inf
s∈S
SDs(β).
Observe that for any FA ∈ A(KA, S) and y ∈ KA⊗˜KB,
we have
SDs((FA ⊗ idB)(y)) ≤ IDs(FA). (15)
To see this, note that the barycenter of (FA ⊗ idB)(y) is
the marginal yB and s⊗yB = (Fs⊗idB)(y). We therefore
have
(1 − λ)(FA ⊗ idB)(y) + λs⊗ yB
= (((1 − λ)FA + λFs)⊗ idB) (y)
and this is separable if (1 − λ)FA + λFs is ETB. The
possibility of attaining equality depends on the properties
ofKA and the form of composite state spaces in the GPT.
Assume that V (KA)
+ is weakly self-dual, so that there
is an affine isomorphism Ψ : A(KA)
+ → V (KA)+. With
the notations of Appendix A, we have (id ⊗ Ψ)(χKA) ∈
KA⊗̂KA, see Lemma A.1. We are now prepared to state
the following result.
Theorem 5. Assume that there is an isomorphism Ψ :
A(KA)
+ → V (KA)+ such that (id⊗Ψ)(χKA) ∈ KA⊗˜KA.
Then for any polysimplex S, FA ∈ A(K, S) and s ∈ S, we
have
sup
y∈KA⊗˜KA
SDs((FA ⊗ idA)(y)) = IDs(FA).
Proof. By (15), the supremum on the left is never larger
than IDs(FA). Put y = (id ⊗ Ψ)(χKA) and let Fλ :=
(1 − λ)FA + λFs. Then (Fλ ⊗ id)(y) is separable if and
only if (Fλ⊗ id)(χKA) is separable, which by Proposition
A.1 (ii) means that Fλ is ETB. It follows that SDs((FA⊗
idA)(y)) ≥ IDs(FA).
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The conditions in the previous theorem are fulfilled
in quantum state spaces, where y is a pure maximally
entangled state. In this case, this result was proved in
[37, pp. 8-9].
Remark 5. Similarly as for incompatibility, we may de-
fine steering witnesses and their relation to steering de-
gree, maximal steering degree, etc. The witnesses will
now be elements in A(S ⊗K)+. We will not investigate
this here, only remark that since the assemblages gener-
ate all of the positive cone V (S⊗̂K)+, any non-separable
element in A(S⊗K)+ is a witness.
C. Nonlocality and Bell’s inequalities
Let f iA ∈ A(KA,∆lAi ), i = 0, . . . , kA and f iB ∈
A(KB,∆lBi ), i = 0, . . . , kB, and let y ∈ KA⊗˜KB. If a
measurement f iAA is chosen for A and f
iB
B for B, then the
result is a pair (jA, jB) with probability
p(jA, jB |iA, iB) := 〈(f iAA )jA ⊗ (f iBB )jB , y〉.
These conditional probabilities satisfy the no-signalling
properties∑
jA
p(jA, jB|iA, iB) = pB(jB|iB), ∀iA (16)∑
jB
p(jA, jB|iA, iB) = pA(jA|iA), ∀iB (17)
where pA(jA|iA) := 〈(f iAA )jA , yA〉, pB(jB |iB) :=
〈(f iBB )jB , yB〉. Following [14], we say that the state y is
Bell local if for all measurements f iA and f
i
B, these prob-
abilities admit a local hidden variable (LHV) model, that
is, there is a probability distribution q on a set Λ and con-
ditional probabilities qA(jA|iA, λ) and qA(jB |iB, λ) such
that
p(jA, jB |iA, iB) =
∑
λ
q(λ)qA(jA|iA, λ)qB(jB |iB, λ)
(18)
Let FA = (f
0
A, . . . , f
kA
A ) and let SA be the related
polysimplex, similarly define FB and SB. Then γ :=
(FA ⊗ FB)(y) ∈ SA⊗̂SB and
(miAjA⊗miBjB )(γ) = 〈(f iAA )jA⊗(f iBB )jB , y〉 = p(jA, jB|iA, iB).
It can be seen by putting KB = SB in Theorem 4 that the
elements γ ∈ SA⊗̂SB are characterized by the property
that p(jA, jB|iA, iB) := (miAjA ⊗miBjB )(γ) are no-signalling
conditional probabilities and (18) describes precisely the
separable elements. The tensor product SA⊗̂SB is there-
fore called the no-signalling polytope and SA ⊗ SB the
local polytope.
The steering witnesses in this case (see Remark 5) will
be called Bell witnesses. These are precisely the ele-
ments of A(SA ⊗ SB)+ that are not separable. With
some normalization, there is a finite number of extremal
Bell witnesses µ1, . . . , µN that completely determine the
local polytope: if γ ∈ SA⊗̂SB, then γ is local if and only
if
〈µi, γ〉 ≥ 0, i = 1, . . . , N. (19)
These are the Bell inequalities. Lemma A.1 (iv) shows
that, similarly as in the case of incompatibility, the Bell
witnesses correspond to affine maps of the polysimplex
SA into a positive cone, this time it is the cone A(SB)
+.
All Bell inequalities are given by extremal non-ETB ele-
ments in A(SA, A(SB)+).
Example 13. (The CHSH inequality) Assume that
there is a pair of two-outcome measurements on both
sides, so that SA = SB = 2. Since V (2)
+ ≃
A(2)
+, we see by Example 10 that all extremal wit-
nesses are precisely (multiples of) the isomorphisms
Ψi,j,k ∈ A(2, A(2)+) that map the extreme points of
2 to the four effects m
i
j :
s0,0 7→ mij , s1,1 7→ mi1−j , s0,1 7→ m1−ik , s1,0 7→ m1−i1−k.
Let µi,j,k be the witness corresponding to Ψi,j,k. Using
the basis elements (3) and (4), we get
µi,j,k = m
i
1−j ⊗ 12 + (m1−ik −mi1−j)⊗m00
+ (m1−i1−k −mi1−j)⊗m10.
Let FA = (f
0
A, f
1
A) ∈ A(KA,2), FB = (f0B, f1B) ∈
A(KB,2) and put
a1 := 1− 2(f1A)0, a2 := 1− 2(f0A)0,
b1 := 1− 2(f0B)0, b2 := 1− 2(f1B)0,
then we can see that
〈µ0,1,0, (FA ⊗ FB)(y)〉 = 〈(FA ⊗ FB)∗(µ0,1,0), y〉
=
1
2
(
1− 1
2
B
)
(20)
where B = 〈a1⊗ (b1+ b2)+a2⊗ (b1− b2), y〉, so that (19)
becomes the CHSH inequality.
D. Bell inequalities and the incompatibility degree
The maximal value of B in Example 13 that can be at-
tained by two-outcome measurements is called the CHSH
bound. It is well known that the outcome probabilities
satisfy the LHV model (18) if and only if B ≤ 2 and
we always have B ≤ 4. In quantum state spaces, the
Tsirelson bound holds: B ≤ 2√2. It was observed in
[10] that the incompatibility degree for pairs of quantum
effects is connected to this bound.
The relation of incompatibility degree and CHSH
bound in GPT was proved in [7]. We include a proof
in our setting.
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Theorem 6. Let SA, SB be polysimplices. Let FA ∈
A(KA, SA), FB ∈ A(KB, SB), y ∈ KA⊗˜KB and assume
that FA is incompatible. Then for any µ ∈ A(SA ⊗ SB)+
and s ∈ ri(SA), we have
〈µ, FA ⊗ FB(y)〉 ≥ ‖µ‖maxqs(FA).
If KA admits steering and SA = 2, then there is some
state space KB, FB ∈ (KB,2) and y ∈ KA⊗˜KB such
that
〈µi,j,k, FA ⊗ FB(y)〉 = 1
2
qs¯(FA)
for the witness µi,j,k as in example 13.
Proof. By Lemma A.1 (iv), there are some T ∈
A(K†B, V (KA)+) and M ∈ A(SA, V (S†B)+) such that
y = (T ⊗ id)(χK†B ) and µ = (M
∗ ⊗ id)(χSB ). Then by
using Lemma A.1 (iii),
〈µ, FA ⊗ FB(y)〉 = 〈(M∗ ⊗ id)(χSB ), (FAT ⊗ FB)(χK†
B
)〉
= 〈χSB , (MFATF ∗B ⊗ id)(χ†SB )〉
= TrFATF
∗
BM.
Put W := TF ∗BM , then W ∈ A(SA, V (K+A )). Moreover,
TrFsW = 〈1KA ,W (s)〉 = 〈FBT ∗(1KA),M(s)〉
= 〈s′,M(s)〉,
where s′ := FBT ∗(1KA). It is easy to see that T
∗(1KA) ∈
KB, so that s
′ ∈ SB. It follows that
t := TrFsW = 〈s′,M(s)〉 = 〈M∗(s′), s〉 = µ(s⊗ s′)
≤ ‖µ‖max.
We have t−1W ∈ Ws, so that
t−1〈µ, FA ⊗ FB(y)〉 = t−1TrFAW ≥ qs(FA).
The final inequality follows by the assumption that FA
is incompatible, so that qs(F ) < 0.
Assume now that KA admits steering. Let W ∈
A(2, V (KA)+) be a witness in Ws¯ such that TrFAW =
qs¯(FA). In view of the above proof, it is enough to show
that W = TF ∗BM for suitable T , FB and M . So let
M = Ψi,j,k be the isomorphism as in Example 13. Put
β := (WM−1 ⊗ id)(χ

†
2
), then clearly β ∈ V (KA⊗̂2)+
and
〈β, 1⊗ 1〉 = 〈1KA ,WM−1(12)〉 = 2〈1KA ,W (¯s)〉 = 2.
Hence 12β is an assemblage. Since KA admits steering,
there is some state space KB, FB ∈ A(KB,2) and y ∈
KA⊗˜KB such that
1
2
β = (id⊗FB)(y) = (T ⊗FB)(χK†
B
) = (TF ∗B⊗ id)(χ†2)
It follows that 12W = TF
∗
BM , this finishes the proof.
Note that the crucial part of the proof of the equality in
the above theorem is that V (2)
+ is weakly self-dual, so
we may chose M to be an isomorphism. This is not true
for any other SA and SB. As we have seen in the proof,
the Bell scenario provides incompatibility witnesses only
of the form W = TF ∗BM , that is, factorizing through
some A(SB)
+, which can be weaker for detection of some
types of incompatibility. This seems to be the reason
why already for three quantum effects, incompatibility
in some cases cannot be detected by violation of Bell
inequalities. This was observed in [12] in the case of qubit
states, but the above arguments suggest that such effect
exist in any non-classical theory in our class of GPT.
E. Nonlocality in spaces of quantum channels
It was proved in [21] that one can obtain probabilities
maximally violating the CHSH inequality, that is, attain-
ing the value B = 4, by using causal bipartite quantum
channels. In fact, it was shown recently in [23] that one
can obtain all no-signalling probabilities in this way. In
these works, the GPT setting was not used, but neverthe-
less it was shown that any element of the no-signalling
polytope can be obtained by applying sets of channel
measurements to both parts of an element of CcausAB,A′B′ .
Maximal violation of the CHSH inequality in spaces of
quantum channels was also proved using GPT in [22].
Note that the channel used in [21, 22] was a bipartite c-c
channel.
The aim of the present paragraph is to remark that this
feature of quantum channels is immediate from Proposi-
tion 4. Indeed, the isomorphism ∆k+1n ≃ A(∆k,∆n) also
implies that
∆kA+1nA ⊗̂∆kB+1nB ≃ A(∆kA ,∆nA)⊗̂A(∆kB ,∆nB ).
In this way, any no-signalling polytope is isomorphic to
a face in the space of causal classical bipartite channels
and the local polytope corresponds to the local channels
in this face (see also Example 7).
Let now (RA, SA), (RB, SB) be the retraction-section
pairs as in Proposition 4 and let γ ∈ ∆kA+1nA ⊗̂∆kB+1nB
be a collection of no-signalling conditional probabili-
ties. Then γ corresponds to a classical causal chan-
nel Tγ : ∆kAB → ∆nAB (cf. the notation in Exam-
ple 5), given by Tγ(jA, jB |iA, iB) = (miAjA ⊗ miBjB )(γ).
Put Φ := ΦTγ as in (1), choosing product bases in
HA ⊗ HB and HA′ ⊗ HB′ . Then Φ = (SA ⊗ SB)(γ) ∈
CA,A′⊗̂CB,B′ , but since Φ is completely positive, we have
Φ ∈ CcausAB,A′B′ = CA,A′⊗˜CB,B′ . Clearly,
(RA ⊗RB)(Φ) = (RA ⊗RB)(SA ⊗ SB)(γ) = γ.
We have proved the following result (cf. [23]).
Theorem 7. For any collection of no-signalling condi-
tional probabilities γ ∈ ∆kA+1nA ⊗̂∆kB+1nB , there is a causal
bipartite quantum channel Φ ∈ CcausAB,A′B′ , with dA =
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kA+1, dA′ = nA+1 and dB = kB+1, dB′ = nB+1, and
collections of measurements RA ∈ A(CA,A′ ,∆kA+1nA ) and
RB ∈ A(CB,B′ ,∆kB+1nB ) such that (RA ⊗RB)(Φ) = γ.
Example 14. Let SA = SB = 2 and choose
γ =
1
2
((s0,0−s1,0)⊗s0,0+s1,1⊗s1,0+s1,0⊗s01) ∈ 2⊗̂2.
We obtain the same c-c bipartite channel and sets of
measurements attaining maximal CHSH violation as in
[21, 22].
VI. CONCLUSION AND FURTHER
QUESTIONS
We have studied incompatibility of measurements in
a family of convex finite dimensional GPTs by repre-
senting collections of measurements as affine maps into
a polysimplex. We have shown how properties of these
maps (like being ETB or a retraction) are tied to incom-
patibility. We introduced incompatibility witnesses and
used them to characterize incompatibility degree. Our
results suggest that incompatibility is closely related to
the geometry of polysimplices, for example, the maxi-
mal incompatibility degree attainable for a given state
space K can be obtained by considering positive maps
on K that factorize through the polysimplex of the given
shape.
Our setting allows us to study the relations of incom-
patibility to steering and non-locality through incompat-
ibility witnesses. We have shown that the Bell scenario
provides incompatibility witnesses of a restricted type,
more precisely, factorizing through the dual of a polysim-
plex. In general, the family of such witnesses is strictly
smaller than the set of all witnesses and is therefore
weaker for the detection of incompatibility. This explains
the existence of incompatible collections of measurements
that do not violate Bell inequalities and suggests that this
feature is not specific for quantum theory, but is common
in GPT.
There is a number of questions left for further research.
For example, the incompatibility degree attainable by
more general collections of quantum measurement can
be investigated using witnesses as in Corollary 4. For
this, a characterization of extremal maps of a polysim-
plex into B(H)+ would be useful. For the study of rela-
tions between incompatibility and non-locality, one could
describe the witnesses that can be obtained from Bell in-
equalities as in Theorem 6. It is an interesting question
to what extend are these witnesses weaker and how it de-
pends on the theory in question. It might be also worth-
while to study collections of quantum measurements and
their incompatibility, as well as steering and Bell non-
locality, within the framework of quantum networks as
suggested in Remark 3.
Maps into a polysimplex can be used to describe collec-
tions of measurements only up to a fixed size and number
of outcomes. The isomorphism with (faces of) classical
channels (Proposition 3) suggests that it might be pos-
sible do include all collections of measurements as affine
maps into the space of more general Markov kernels.
Appendix A: Positive and ETB maps
We list some well known results on the cones of positive
maps. Let K be a compact convex set. Let x0, . . . , xn be
a basis of V (K) and let e0, . . . , en ∈ A(K) be the dual
basis. Put
χK :=
∑
i
xi ⊗ ei ∈ V (K)⊗A(K). (A.1)
Let f ∈ A(K), then f =∑i〈f, xi〉ei, therefore we have
〈χK , f⊗y〉 =
∑
i
〈f, xi〉ei(y) = f(y), ∀y ∈ K. (A.2)
Consequently, χK does not depend on the choice of the
basis.
Lemma A.1. Let x′ ∈ ri(K) and put K† := {f ∈
A(K)+, f(x′) = 1}. Then
(i) K† is a compact convex set and we have V (K†)+ =
A(K)+, A(K†)+ = V (K)+ and 1K† = x′.
(ii) χK ∈ K⊗̂K†.
(iii) Let T ∈ A(K,V (K ′)), then (T ⊗ id)(χK) = (id ⊗
T ∗)(χK′).
(iv) For any ξ ∈ V (K ′⊗̂K†)+, there is a unique T ∈
A(K,V (K ′)+) such that (T ⊗ id)(χK) = ξ, deter-
mined by
〈T (x), f ′〉 = 〈ξ, f ′ ⊗ x〉, ∀x ∈ K, f ′ ∈ A(K ′). (A.3)
Proof. Since x′ ∈ ri(K), f(x′) = 0 for f ∈ A(K)+ implies
that f = 0, so that K† is a base of A(K)+. This proves
(i). The statement (ii) follows immediately from (A.2)
and (i). For (iii), let f ′ ∈ A(K ′) and y ∈ K, then by
(A.2), we have
〈(T ⊗ id)(χK), f ′ ⊗ y〉 = 〈χK , T ∗(f ′)⊗ y〉 = T ∗(f ′)(y)
= 〈f ′, T (y)〉 = 〈χK′ , f ′ ⊗ T (y)〉
= 〈(id⊗ T ∗)(χK′), f ′ ⊗ y〉.
For (iv), it is clear that (A.3) determines an element T ∈
A(K,V (K ′)+) and (T ⊗ id)(χK) = ξ holds by (A.2).
We now have the following characterizations of ETB
maps.
Proposition A.1. Let T ∈ A(K,V (K ′)+). The follow-
ing are equivalent.
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(i) T is ETB.
(ii) (T ⊗ id)(χK) is separable.
(iii) T factorizes through a simplex: there are a sim-
plex ∆n and maps T0 ∈ A(K,V (∆n)+) and T1 ∈
A(∆n, V (K ′)+) such that T = T1T0.
If T is a channel, T0 and T1 in (iii) may be chosen to be
channels as well.
Proof. (i) =⇒ (ii) is clear. Assume (ii), then there are
some φj ∈ V (K ′)+ and fj ∈ A(K)+ such that (T ⊗
id)(χK) =
∑n
j=0 φj ⊗ fj . By (A.3), we have for y ∈ K,
g ∈ A(K ′),
〈T (y), g〉 = 〈
∑
j
φj ⊗ fj , g ⊗ y〉 = 〈
∑
j
fj(y)φj , g〉,
so that T =
∑
j fj(·)φj . Let δj be the extreme points
of ∆n and put T0 =
∑
j fj(·)δj , T1(δj) = φj , then T =
T1T0. (iii) =⇒ (i) since any T0 ∈ A(K,V (∆n)+) is
ETB, see Example 5.
Assume that T is an ETB channel, so that T =∑
j fj(·)φj as above. Let cj := 〈φj , 1K′〉. We may as-
sume cj > 0, otherwise we may replace ∆n by a smaller
simplex. Put f˜j := cjfj and φ˜j := c
−1
j φj , then the
corresponding maps T˜0 and T˜1 are channels such that
T = T˜1T˜0.
We next prove Proposition 2. Let x0, . . . , xn ∈ K be a
basis of V (K) and e0, . . . , en the dual basis, then
TrT =
∑
i
〈ei, T (xi)〉 = 〈(T ⊗ id)χK , χK†〉.
Proof of Proposition 2. Let S ∈ Asep(K ′, V (K)), so that
S =
∑
j f
′
j(·)φj for some f ′j ∈ A(K ′)+ and φj ∈ V (K)+.
Then TrTS =
∑
j〈T (φj), f ′j〉 ≥ 0. Conversely, assume
that for all T ∈ A(K,V (K ′)+)
TrST = 〈(T ⊗ id)χK , (S∗ ⊗ id)χK†〉 ≥ 0.
By Lemma A.1 (iv), we have (S∗⊗id)χK† ∈ A(K⊗̂K†)+,
so it must be separable. By Proposition A.1, S∗, and
hence also S, is ETB.
Appendix B: The cones A(S, V (K)+) and
Asep(S, V (K)
+)
We describe the cone of positive maps A(S, V (K)+)
and characterize the ETB ones.
Proposition B.1. The elements wn0,...,nk ∈ V (K)+,
ni = 0, . . . , li, i = 0, . . . , k are vertices of some W ∈
A(S, V (K)+) if and only if they satisfy
wn0,...,nk + wn′0,...,n′k = wn0,...,ni−1,n′i,ni+1,...,nk
+ wn′0,...,n′i−1,ni,n′i+1,...,n′k (B.1)
for all n0, . . . , nk, n
′
0, . . . , n
′
k and i. Moreover, W is ETB
if and only if there are some ψij ∈ V (K)+, j = 0, . . . , li,
i = 0, . . . , k, such that
wn0,...,nk =
k∑
i=0
ψini .
Proof. Let wn),...,nk be vertices ofW ∈ A(S, V (K)+). We
have
1
2
(sn0,...,nk + sn′0,...,n′k)
=
(
1
2
(δn0 + δn′0), . . . ,
1
2
(δnk + δn′k)
)
=
(
1
2
(δn0 + δn′0), . . . ,
1
2
(δn′i + δni), . . . ,
1
2
(δnk + δn′k)
)
=
1
2
(sn0,...,ni−1,n′i,ni+1,...,nk + sn′0,...,n′i−1,ni,n′i+1,...,n′k),
hence (B.1) must hold. Conversely, assume wn0,...,nk sat-
isfy (B.1) and put
W (sl0,...,lk) := wl0,...,lk ,
W (eij) := wl0,...,li−1,j,li+1,...,lk − wl0,...,lk .
This determines a map W ∈ A(S, V (K)). By (5), we
have W (sn0,...,nk) = wl0,...,lk +
∑k
i=0W (e
i
ni). Using
repeatedly the relations (B.1), we get W (sn0,...,nk) =
wn0,...,nk . For the second statement, note that since the
effects mij generate A(S)
+, W is ETB if and only if there
are ψij ∈ V (K)+ such that
W =
k∑
i=1
li∑
j=0
m
i
j(·)ψij . (B.2)
Applying this to the vertices of S, we obtain the state-
ment.
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